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Abstract 
The paper taking the 6-DOF biped heel-and-toe robot as the research object, according to the expected walking pose 
and gravity center of the robot, using the Denavit-Hartenberg formula to establish the kinematics model and 
kinematics equation of the biped heel-and-toe robot. Under the ZMP criterion conditions, the kinematics equations in 
each discrete point are solved out via the walking pose, and constituted the motion joints curves. The simulation 
results of motion joints curves from the Matlab proved that the method of gait planning can achieve the aim of biped 
heel-and-toe robot’s stable dynamic walking.  
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1. Introduction 
Biped walking robot is the most typical macaronis digital equipment. It is an intelligent robot, 
integrates mechanical technology, electronic technology, control technology, computer technology, 
sensors technology, artificial intelligence and other subjects of advanced technology, and merges all these 
disciplines organically. It represents the best achievement of robot technology, has become one of the 
focus of contemporary science and technology. It is a high order, nonlinear, nonholonomic constraint of 
multi-degree of freedom system rarely in projects [1']. Biped heel-and-toe robot is a no trunk biped 
walking robot and also an ideal platform for biped robot research. It is the National Robotics Competition 
program. Compared with the traditional wheeled robots, the biped robot gait planning is one of the most 
difficult problems, because it's alternating feet supported of the biped walking makes it difficult to 
maintain stability [2]. 
In order to solve the problem of dynamic walking and stability, Lagrangrian method [3], Newton-Euler 
method [4], Denavit-Hartenberg formula [2] [5], UG [6] [7], etc, are often used to establish dynamic 
model and kinematics model of the robot. The ZMP (Zero Moment Point) criteria [8], two-step planning 
method [9], three-step planning method [10], and cubic interpolation algorithm [3] [4] [11] are used to 
plan the motion trajectory of the feet and the joints. 
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In this paper, a biped heel-and-toe robot designated as the research object, taking into account the real-
time computing requirements and efficiency of the algorithm, using the D-H formula to establish the 
kinematics model, the robot motion is divided into sideward and forward motion. In the constraints, solve 
the kinematics equations to describe the robot trajectories of each joint. 
2. Establish kinematic model
Biped heel-and-toe robot kinematics analysis is the basis for gait planning. First, established biped 
heel-and-toe robot kinematics modeling, output the kinematics relations of the robot joints when the joints 
movements are given. Kinematics modeling includes forward kinematics model and inverse kinematics 
model, forward kinematics model is to output posture of robot legs in the reference coordinate system 
according to the given geometric parameters of the various bars and joint movement. Inverse kinematics 
modeling is output the motions of each joint when the biped heel-and-toe robot’s pose is given.  At 
present, it has too many ways to solve the kinematics problem. In this paper, the kinematics analysis of 
biped heel-and-toe robot used the more intuitive coordinate transformation method and D-H formula 
which has been widely used. 
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Figure 1: Biped heel-and-toe robot kinematics model 
According to the competition requirements, biped heel-and-toe robot's 6 degrees of freedom are 
rotational joints. Fig. 1 is the biped heel-and-toe robot kinematics model. 
In which, i XYZ∑ （ ） represent coordinate system, the origins are: right ankle’s 
projection on the ground , right ankle, right knee, right hip, left hip, left knee, left ankle and left ankle’s 
0,1, ,7i = ⋅⋅⋅⋅ ⋅
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jL （ ）represent  the length of the bar ;1, 2, ,7j = ⋅⋅ ⋅ ⋅ ⋅projection on the ground; j kθ （ ）
represent the angle of the joint .
1, 2, ,6= ⋅⋅⋅ ⋅ ⋅k
k
0 0 1
1 2
3. Establish kinematic equation
Relative to the base coordinate system, the homogeneous transformation matrix of the joints’ coordinate 
system  is:0 iT
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If the right leg is the supporting leg, the left leg is the swing leg. The translational coordinate 
transformation matrix is ; when the coordinate system rotated θtrans  around the axis , the new 
coordinate system orientation matrix is
k
( , )rot k θ . The given lengths of the bars 
are: , , ,1 7L L= = 20 2 6L L= = 50 3 5 80L L= = 4 60L = . Then: 
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4. Gait planning 
In the course of walking, robot should keep the swing foot always parallel to the ground and the trunk 
perpendicular to the ground. So the angle parameters satisfy: 1 6θ θ= , 2 3 0θ θ+ = , 4 5 0θ θ+ = . According 
to this, solve the homogeneous transformation matrix (9) and obtained: 
2 480sin 50sinxp xθ θ= − +
1 1 1 2 1 450sin 60cos 80sin sin 50sin cosyp yθ θ θ θ θ θ= − − + +
1 1 1 2 1 420 50cos 60sin 80cos cos 50cos coszp zθ θ θ θ θ θ= − − + − +
4.1 Sideward motion gait trajectory planning 
Assumed that the robot forward joints do not move, the only movement joints are sideward joints that 
keep robot gravity center moving within the sine law from side to side between the feet. So the robot 
gravity center coordinate cgZ  is the function of 1θ . Gravity center coordinates: 
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                                                                (10) 
In order to meet competition requirements, the paper divided walking courses into there parts: first 
step, alternating steps and last step. The cycle of first step and last step is 1s; the alternating steps’ is 4s. 
First step: 30 30sin( )cgZ tπ π= + + (0 1 )t s≤ ≤
Alternating steps: 230 30 sin ( )
3cg
tZ π= + (1 9 )t s≤ ≤
Last step: 30 30sin(cg )Z tπ= + (9 10 )t s≤ ≤
The curve of the gravity center coordinates follow the time  (s) is shown in Fig. 2. t
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Figure 2: The curve of the gravity center 
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Taking the robot gravity center into forward three formulas, obtained new equations as follow: 
First step: 1 1
7200 sin 30cos 30 30sin( )
90
tθ θ π+ = + +π ;
Alternating steps: 1 1
7200 sin 30cos 30 30sin( )
90 2
tπθ θ+ = + ;
Last step: 1 1
7200 sin 30cos 30 30sin( )
90
tθ θ π+ = + ;
The curve of the angle 1θ ( ) follow the time  (s) is shown in Fig. 3. o t
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Figure 3: The curve of the angle 1θ
4.2 Select fitness function of genetic algorithm  
The same process to sideward gait planning, assumed that the robot sideward joints does not rotate, the 
only rotation joint is forward joint. In the walking process, considered the parameters setting in gait 
planning, the rotated angle relation of the Hips, knees, ankles is: 1 6 0θ θ= = , 2 3 0θ θ+ = , 4 5 0θ θ+ = .
And kept the robot's swing foot motion trajectory within the sine law, the paper set the highest distance in 
upward between swing foot and ground is 15 mm, the walking speed is 60 mm/s, the step is 120 mm. For 
example, set walking cycles in forward as: first step cycle is 1, alternating steps cycle is 2, and last step 
cycle is 1. 
In the first step cycle, the right foot is the support foot, the gait equation is:
2 4: 30 80cos 50cos 15sin( )z tθ θ π− + − = (0 1 )t s≤ ≤
2 4: 80sin 50sin 60x tθ θ− = (0 1 )t s≤ ≤
In the alternating step cycle, if the left foot is the support foot, the gait equation is: 
2 4-30 80cos 50cos 15sin( ( 1)) 02
z tπθ θ+ − + − =： (0 1 )t s≤ ≤
2 480 sin 50 sin 60( 1) 60x tθ θ− + − =： (0 1 )t s≤ ≤
In the alternating step cycle, if the right foot is the support foot, the gait equation is: 
2 4-30 80cos 50cos 15sin( ( 3))2
z tπθ θ+ − = −： (3 5 )t s≤ ≤
2 480sin 50sin 120 60 60( 3)x tθ θ− + = + −： (3 5 )t s≤ ≤
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In the last step cycle, the left foot is the support foot, the gait equation is: 
2 4-30 80cos 50cos 15sin( ) 0z tθ θ π+ − + =： (9 10 )t s≤ ≤
2 480sin 50sin 360 60( 9) 420x tθ θ− + + − =： (9 10 )t s≤ ≤
The curves of the angle 2θ ， 4θ  ( ) follow the time (s)  is shown in Fig. 4. o t
5. Conclusion 
The paper divided the robot gait planning into forward motion gait planning and sideward motion gait 
planning two parts, constructed the kinematics model by using Denavit-Hartellberg formula. Base on the 
model and gait parameters, utilized homogeneous transformation matrix to establish and deduce the 
kinematics equations. Solved and simulated the curves of joints kinematics trajectory with the Matlab 
soft. Finally, adjusted the trajectory with the method of “Off-line Planning, On-line adjustment”, get the 
smooth and steady gait, met the competition requirements. 
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Figure 4: The curve of the angle 2θ , 4θ
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